The stability of channel flow modulated by oscillatory wall suction/blowing is investigated using linear stability analysis together with Floquet theory based on numerical calculation and asymptotic expansion. Two typical flows with either the driven pressure gradient or the flow rate constant are considered. The basic flows subject to the oscillatory wall suction/blowing are time periodic with multiple frequency components. The stability problem is formulated into a time-dependent eigenvalue problem, and the Floquet exponents are obtained using a spectral collocation method. It is revealed that the periodic wall suction/blowing induces the Stokes layer, which interacts with the disturbance shear wave and eventually affects the disturbance growth. Results show that the modulations of the oscillatory wall suction/blowing to the channel flows have a destabilizing effect and the similar stability characteristics of both the typical flows occur. Critical Reynolds numbers and wave numbers are predicted for a wide range of parameters. Asymptotic expansions of the growth rate at small amplitude ⌬ of the oscillatory wall suction/blowing are developed. The correction terms for the growth rate occur in O͑⌬ 2 ͒ and are positive, indicating that the flow is destabilized. It is found that the destabilizing effect is mainly connected to the steady corrections of the mean flow profile in the O͑⌬ 2 ͒ terms.
I. INTRODUCTION
The stability of channel flow subject to various modifications is of great importance in fundamentals and applications. Orszag 1 obtained the critical Reynolds number of plane Poiseuille flow, R c = 5772.22, using expansions in Chebyshev polynomials to approximate the solutions of the Orr-Sommerfeld equation. Then, a variety of investigations have been devoted to the effects of various modifications on the stability of the primary plane Poiseuille flow. These modifications typically include surface roughness, 2-4 wavy or vibrating walls, [5] [6] [7] [8] uniform or distributed surface suction, 9, 10 and so on. On the other hand, the wall suction/ blowing is proved to be one of the most effective ways in laminar-turbulent transition control [11] [12] [13] and turbulence control. [14] [15] [16] [17] The stability characteristics of the flow may be changed significantly due to the effects of the wall suction/blowing. As is well known, the asymptotic suction boundary layer is much more stable than the Blasius boundary layer. 18, 19 Generally, the wall suction/blowing is usually associated with stabilizing/destabilizing the flow in the sense of hydrodynamic stability. Hains 20 first performed the linear stability analysis of channel flow with suction at the lower wall and injection at the upper wall driven by a constant pressure gradient along the streamwise direction, and revealed that the cross flow has a stabilizing effect. Sheppard 21 also carried out similar work using a Galerkin method and confirmed the results of Hains. Recently, Fransson and Alfredsson 9 studied the similar problem with either the flow rate or the maximum streamwise velocity constant, and found that the cross flow has a destabilizing effect in certain parameter regions and a stabilizing effect for others.
Further, the stability of time-periodic flows, which has been reviewed by Davis, 22 also exists extensively in a variety of problems. The stability of oscillatory plane Poiseuille flow, relevant to the present study, is a typical problem of the stability of time-periodic flows. Grosch and Salwen 23 first used the Galerkin method and Floquet theory to investigate the stability characteristics of the oscillatory plane channel flow, and found that the periodic modulated pressure gradient has a stabilizing effect on the flow near the critical point of the underlying steady flow when the values of the ratio of oscillation velocity amplitude to the mean velocity amplitude are less than 0.105. Herbert 24 then examined the energy balance in modulated plane Poiseuille flow in the thin Stokes layers near the wall by extending Lin's work. 25 He emphasized the interactions between the Stokes layers caused by the modulation and the disturbance shear wave, and derived that if the thickness of the disturbance shear wave relative to that of the modulation shear wave is greater than 1 / 2, the modulation stabilizes the flow. Hall 26 found that the high frequency modulations have a slightly destabilizing effect. Furthermore, von Kerczek 27 analyzed this stability problem by a perturbation method and demonstrated that the flow is more stable at moderate frequencies and more unstable at very low and very high frequencies. However, he did not find any strongly unstable modes, in conflict with the results of Grosch and Salwen. 23 Recently, Singer, Ferziger, and Reed 28 reexamined this stability problem via direct numerical simulations of the Navier-Stokes equations and two-dimensional linear simulations. They indicated that the maximum growth rates occur when there are large regions of positive curvature near each wall and suspected the lack of resolution of the Stokes layers for the results of Grosch and Salwen. 23 Straatman et al. 29 also performed the linear stability analysis of channel flow modulated by an oscillatory pressure gradient, as a model of the physiologically pulsatile flow, for an extensive range of parameters.
However, the effects of oscillatory wall suction/blowing on the stability of channel flow studied here are still unclear but are highly desired. It is necessary to mention that the present problem is different from those concerning the effects of spatial modulations, such as spatially distributed wall suction/blowing and a wavy wall. [2] [3] [4] [5] [6] [7] [8] If a nonzero phase velocity of the wall is prescribed, a wavy wall with small amplitude can be modeled in the first order by a wall suction/ blowing, which is periodic both in space and time, 7 while the vanishing of the phase velocity reduces the normal velocity component at the wall to be zero. The wall suction/blowing considered here is periodic in time and uniform in space, so that centrifugal instability 5 or flow separation 8 disappears. Our goal in this study is to assess how the oscillatory wall suction/blowing affects the stability characteristics of plane Poiseuille flow. Since the basic flow is periodic in time, Floquet theory 30 is used to represent the solutions. In the present study, two typical flows, either driven by a constant pressure gradient or constrained by a fixed flow rate are considered. The corresponding stability problem is formulated into a time-dependent eigenvalue problem, and the stability characteristics of the flows are obtained using a numerical calculation and an asymptotic analysis.
The rest of this paper is organized as follows. The numerical and asymptotic results of the basic flow are given in Sec. II. The governing equations and methods of the stability problem based on the numerical calculation and asymptotic perturbation are described in Sec. III. The results for the stability characteristics are discussed in Sec. IV. Finally, a summary is provided in Sec. V.
II. CHANNEL FLOW WITH OSCILLATORY WALL SUCTION/BLOWING
In this section, the mean channel flow modulated by unsteady wall suction/blowing is obtained using a numerical method and an asymptotic expansion. Then the results will be applied to the stability analysis numerically and theoretically, respectively.
A. Basic flow
Considering the incompressible Newtonian fluid with the density and kinematic viscosity bounded by two infinite parallel porous plates, the schematic of the flow configuration together with the coordinate system is exhibited in Fig.  1 . The distance between the upper and lower boundaries is 2H , and an oscillatory suction/blowing on the channel walls is employed in the form
where the overbar means dimensional variables, ⌬ and are the amplitude and frequency of the oscillatory suction/ blowing, respectively. We take H as the length scale, the centerline velocity Ū c of the Poiseuille flow without suction/ blowing modulation as the velocity scale, and Ū c 2 as the pressure scale. Then, two typical Reynolds numbers, R and R v , can be defined and described as, respectively,
The corresponding dimensionless amplitude and frequency of the suction/blowing are ⌬ = R v / R and = H / Ū c , respectively.
Assuming the periodic basic flow has the form
which satisfies the continuity equation automatically. Then, substituting them into the Navier-Stokes equations gives the governing equation for the streamwise velocity,
where G is the pressure gradient in the streamwise direction. Here, we consider two constraint conditions, which can be chosen as the pressure gradient either constant or time dependent to keep the flow rate fixed, i.e.,
, for fixed flow rate.
· .
͑4͒
The no-slip condition is applied at the walls, i.e.,
U͑±1,t͒ = 0. ͑5͒
Since the problem ͑3͒-͑5͒ has no analytical solutions, a numerical approach must be employed. Considering the channel flow driven by the constant pressure gradient as a typical case, the streamwise velocity can be expressed as 
where i = ͱ −1 and A n ͑y͒ = A −n * ͑y͒ in order for U to be real. Here, an asterisk denotes a complex conjugate. Substituting Eq. ͑6͒ into Eq. ͑3͒ and separating Fourier components, we obtain
͑7͒
where D = ‫ץ‬ / ‫ץ‬y, and ␦ ij is the Kronecker delta. The boundary conditions corresponding to Eq. ͑5͒ have the form A n ͑±1͒ = 0. Approximate solutions can be obtained by truncating Eq. ͑6͒ to M leading Fourier modes and solving a coupled system of 2M + 1 ordinary differential equations of Eq. ͑7͒. Note that the condition A n ͑y͒ = A −n * ͑y͒ can be used to reduce the system to M + 1 equations. Here, this approach has not been used because the time cost for computing the basic flow is nearly negligible. Instead, this property is employed for verifying the accuracy of the present calculations. The spatial derivatives are discretized using the Chebyshev spectral collocation method and represented by the corresponding differentiation matrices. Then the augmented matrix system possesses a block-tridiagonal property and can be inverted efficiently.
The validation of the Fourier truncation method depends on the rate of convergence of the Fourier series, which means that the energy of the modes is damped quickly as their frequencies increase. The relative importance of mode n can be assessed by calculating its energy E n which is defined as
Variations of energy of the first five modes as a function of the amplitude ⌬ for R = 5000 and = 0.2 are shown in Fig. 2 . It demonstrates that the series converge very rapidly for the amplitude ⌬ considered here. Typically 5 to 10 modes, which can ensure the calculation accuracy, are used for the calculations in the present study. Note that the introduction of the oscillatory wall suction/ blowing would decrease the flow rate with respect to that of the pure plane Poiseuille flow driven by the same constant pressure gradient. This feature has been also found in the channel flow subject to constant suction 9 or spatially periodic suction. 3 Alternatively, a fixed flow rate can be maintained by varying the pressure gradient in Eq. ͑4͒. To obtain the streamwise velocity, an additional condition
should be set to keep the flow rate of the channel flow modulated by the oscillatory suction/blowing to be identical to that of plane Poiseuille flow without any modulation. Here, it is helpful to introduce a new variable ⌿͑y , t͒, which is related to U͑y , t͒ by
where the constant 2 / 3 is added only for the purpose of simplifying the boundary conditions for ⌿. Taking ‫ץ‬ / ‫ץ‬y of Eq. ͑3͒ to eliminate the pressure gradient and substituting Eq. ͑11͒ into the resulting equation, we have the following equation for ⌿:
and the boundary conditions are
where Q is a constant and Q = 0 is used here for convenience. The periodic solution of Eq. ͑12͒ together with Eq. ͑13͒ can be solved by a similar numerical method used in solving the streamwise velocity for the channel flow driven by constant pressure gradient. Once ⌿ is obtained, the streamwise velocity U can be solved from Eq. ͑11͒. The typical variation of the mean velocity during one period is shown in Fig. 3 for the case of constant pressure gradient at R = 5000, R v = 20, and = 0.2. It is needed to indicate that the mean velocity for the case of a fixed flow rate ͑not shown here͒ has a similar property. As shown in Fig.  3͑a͒ , the maximum of U is less than one, which represents the decrease of the flow rate. Figure 3͑b͒ shows the difference of the mean flow modulated by the oscillatory wall suction/blowing and that of the plane Poiseuille flow. We can identify the presence of the Stokes layers near the walls, which are caused by the oscillatory wall modulation. The decrease of the flow rate can be confirmed by 
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which is shown in Fig. 3͑c͒ , where a negative value of f d is exhibited.
B. Asymptotic solution
Suppose that the oscillatory wall suction/blowing is sufficiently weak, i.e., the amplitude of the modulation is small enough compared with the characteristic scale of the streamwise mean velocity; then the mean flow can be expanded as U͑y,t͒ = U 0 ͑y,t͒ + U 1 ͑y,t͒⌬ + U 2 ͑y,t͒⌬ 2 + O͑⌬ 3 ͒. ͑15͒
Here, we first consider the channel flow driven by the constant pressure gradient. Substituting Eq. ͑15͒ into Eqs. ͑3͒ and ͑5͒ and collecting terms corresponding to each power of ⌬, we obtain the following system of perturbation equations:
and the corresponding boundary conditions are described as
The solution of Eqs. ͑16͒ and ͑19͒ gives nothing but the parabolic velocity profile of the pure plane Poiseuille flow, which is independent of time, i.e.,
Further, the solution of Eqs. ͑17͒ and ͑19͒ must have the form
and 
where ␤ = ͱ iR = ͑1+i͒ / ␦, with ␦ being the dimensionless thickness of the Stokes layer induced by the oscillatory wall suction/blowing. In a similar way, the solution of Eqs. ͑18͒ and ͑19͒ is obtained to be
and
where c.c. denotes the complex conjugate. It is easy to prove that the steady component U 20 is always negative and causes the decrease of the flow rate.
If the flow rate is specified to be constant, the approximate solution ⌿ of Eq. ͑12͒ combined with Eq. ͑13͒ can also be obtained. Then, the streamwise mean velocity, which is expressed as Eq. ͑15͒, can be derived through Eq. ͑11͒. As the leading-order and first-order components of U are the same as Eq. ͑20͒ and ͑20͒, the only difference occurs in the second-order component with its coefficients in the form
where
Since both U 11 ͑y͒ and U 12 ͑y͒ are odd functions, which cannot contribute to the change of the flow rate, it is not surprising to note that the expansions of U up to O͑⌬͒ has the same formulation for the channel flows subject to both the constraint conditions. It will be discussed in Sec. IV that U 20 plays an important role to the stability of the channel flows modulated by the oscillatory wall suction/blowing. The variation of U 20 for R = 5772.22 and = 0.2 is shown in Fig.  4 . It is observed that the obvious difference of U 20 for both the channel flows occurs. Here, it is needed to indicate that these asymptotic results are valid, provided that
The comparison between the asymptotic and numerical velocity profiles for the channel flow driven by constant pressure gradient is shown in Fig. 3͑d͒ for R = 5000, R v = 20, and = 0.2. It is observed that the asymptotic solution agrees well with the numerical result, although R v / ͱ R = 0.63 is not small enough to satisfy Eq. ͑31͒. For smaller R v , the asymptotic profile coincides with the numerical result very well.
III. STABILITY PROBLEM
The stability analysis of the channel flow modulated by the oscillatory wall suction/blowing is studied by numerical calculation and asymptotic analysis, coupled with the Floquet theory, owing to the periodic character of the basic flow.
A. Formulation
The basic state ͑2͒ is infinitesimally disturbed as follows:
where ͉⑀͉ Ӷ 1. Substituting Eq. ͑32͒ into the Navier-Stokes and continuity equations with a linearizing process and eliminating the pressure, we obtain the governing equation for the disturbances, which takes the form
Since U and V depend on y and t only, Eq. ͑33͒ can be separated in x and z, and thus each mode can be considered separately. Then, the wave-like solutions are introduced as vЈ͑x,y,z,t͒ = v ͑y,t͒e i͑␣x+␥z͒ + c.c., ͑34͒
where ␣ and ␥ are real and denote the streamwise and spanwise wave numbers, respectively. Substituting Eq. ͑34͒ into Eq. ͑33͒ results in
The boundary conditions at the walls are
Here, Eq. ͑35͒ represents the time-dependent OrrSommerfeld ͑OS͒ equation with additional terms due to the mean normal velocity V.
There is a Squire's theorem guaranteeing that the critical Reynolds number occurs for a two-dimensional disturbance for steady shear flow. This theorem is also valid for the unidirectional unsteady shear flow in which separate time and length scales are defined, such as the oscillatory Stokes layers. 31 For the mean flow considered here, which is not parallel shear flow anymore, it can be proved in a similar way that any three-dimensional disturbance is related to a 
it is identified that no change occurs in the form of the problem ͑3͒. Therefore, we obtain
U͑y,t͒ = U͑− y,t + T/2͒. ͑39͒
In a similar way, the transformation, Eq. ͑38͒, does not change the form of Eq. ͑35͒ and the boundary conditions, Eq. ͑36͒, for v . Thus, we can conclude that if v ͑y , t͒ is a solution of Eq. ͑35͒, so is v ͑−y , t + T /2͒. This property will allow us to infer the solutions for the time interval ͓0,T͔ from these for ͓0,T /2͔ in the numerical analysis later.
B. Numerical procedure
Equation ͑35͒ is discretized in the wall-normal direction using a Chebyshev spectral collocation technique with the Gauss-Lobatto collocation points
The discrete operators are compiled using the spectral MAT-LAB Differentiation Matrix Suite developed by Weideman and Reddy, 32 which has been recently used to study a variety of hydrodynamic stability problems. 33, 34 Now the semidiscretized OS equation can be represented by a set of ordinary equations, which have the form
where f͑t͒ = ͓v ͑y 1 , t͒ , ... ,v ͑y N , t͔͒ T and A͑t͒ is a periodic N-by-N matrix with the period T. To obtain the Floquet exponents, we should consider a generalization of Eq. ͑40͒,
where F is an N-by-N matrix of solution vectors. Using the Floquet theorem, we expect the fundamental matrix of Eq. ͑41͒ to have the form
where P is a T-periodic matrix in t and Q is a constant matrix, whose eigenvalues are just the Floquet exponents j . Without any loss of generality, the initial value of F can be taken to be an identity matrix, i.e.
F͑0͒ = I. ͑43͒
Further, we can obtain
Then the Floquet exponents j can be solved from the eigenvalues j of F͑T͒ by
The integration of Eq. ͑41͒ to obtain F͑T͒ is performed with the fourth-order Runge-Kutta method. It is shown that the symmetry property of the basic flow discussed in Sec. III A can be employed to simplify the numerical calculation. First, we define a new matrix,
where I c is an N-by-N matrix in which the entries a ij = ␦ i+j,N+1 and satisfies
Applying to another matrix, I c F gives F with the row j and row N − j + 1 interchanged for j from 1 to N / 2. Then we define another new matrix,
which is also a solution of Eq. ͑41͒ as this set of equations is homogeneous. Since
we obtain
according to the symmetry property. Hence,
Thus Eq. ͑41͒ needs to be integrated only over 0 ഛ t ഛ T /2, and the overall computational cost is halved. Furthermore, there is even no need to calculate explicitly the value of F͑T͒. Let j denote the eigenvalues of F c ͑T /2͒, then according to Eq. ͑51͒, it is easy to prove that j can be obtained from
The reliability of Eqs. ͑51͒ and ͑52͒ has been verified by our numerical results. Certainly, they can also serve to validate our code. The results of numerical tests listed in Table I exhibit the accuracy of numerical solutions. We can find that even N = 30 gives acceptable results. It is noted that the results for M = 1 demonstrate an obvious error, indicating the impor-tance of high-frequency components of the basic flow. Generally, more Fourier modes and Chebyshev collocation points are needed for higher amplitude ⌬ and lower frequency of the modulation. Typically N =40 to 50, M = 5 to 10 are used in our calculations.
C. Asymptotic analysis
The basic flows considered are modulated about a nonzero mean flow, in contrast with the pure oscillatory flows, e.g., the Stokes layers. Thus the effect of the modulation on the stability characteristics of the flow can be evaluated, similar to the approach proposed by Hall, 26 using perturbation methods when the oscillatory components are small compared to the mean flow. So, in addition to the numerical calculation shown previously, the results of the system specified by Eqs. ͑35͒ and ͑36͒ can be obtained from an alternative method by expanding the Floquet exponents and eigenfunctions in the form
j ͑y,t͒ = j0 ͑y͒ + j1 ͑y,t͒⌬ + j2 ͑y,t͒⌬ 2 +¯, ͑54͒
for sufficiently small ⌬. Upon substituting Eqs. ͑15͒ and ͑37͒ and V = V 1 ⌬ into Eq. ͑35͒, collecting terms of equal powers in ⌬, we obtain a series of equations in y and t.
The equation of the leading order is just the timeindependent OS equation that governs the stability of the pure plane Poiseuille flow and reads as
where the linear OS operator is defined as
The eigenfunctions j0 of the adjoint equation of Eq. ͑55͒,
will be needed. It is known that j0 are orthogonal to j0 by the biorthogonality condition
͑58͒
we suppose here that the eigenfunctions have been normalized.
Considering the first-order correction, the governing equation is
Since the right-hand side of Eq. ͑59͒ contains only terms sin t, cos t, and terms independent of t, we can assume the period solution as
Substituting Eq. ͑60͒ into Eq. ͑59͒ yields
where U 11 and U 12 have been obtained in Sec. II B, and V 11 = V 12 =1/2 so that V 1 ͑t͒ = V 11 e it + V 12 e −it = cos t. In order to keep that Eq. ͑61͒ has a solution, the right-hand side must satisfy the orthogonality condition
i.e., j1 = 0, which means that the effect of the oscillatory wall suction/blowing with amplitude ⌬ on the disturbance growth rate occurs only of order ⌬ 2 . It is reasonable to note that the change of the sign of ⌬ does not alter the stability character of the flow.
Since j1 = 0, we must advance the solutions to the next order to obtain j2 the real part of which, if it exists, shall determine the characteristics of the stability. The governing equation for the second-order correction is
Assuming the solution has the form j2 ͑y,t͒ = j20 ͑y͒ + j21 ͑y͒e 2it + j22 ͑y͒e −2it , ͑66͒
we obtain the equation for j20 , which has the form
Note that j11 and j12 can be solved from Eqs. ͑62͒ and ͑63͒, respectively. Then the solvability condition of Eq. ͑67͒ yields
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We can reasonably divide the terms contributing to j2 into M j1 , M j2 and M j3 , which express the contributions of the first-order correction of the streamwise mean flow, the steady part of the second-order correction of the streamwise mean flow, and the normal mean flow, respectively. Such a division allows us to investigate separately the effect of each factor on the stability in the following section. The variables in Eqs. ͑68͒-͑70͒ are obtained by solving the corresponding equations with the Chebyshev collocation method. Gauss-Lobatto quadrature is used to compute j2 to ensure the high accuracy.
IV. RESULTS
Our calculations show that there are no qualitative differences of the stability characteristics for the channel flows subject to the constraint with either constant pressure gradient or fixed flow rate, respectively. Thus, we discuss mainly on the case of the constant pressure gradient and briefly on the case of the fixed flow rate in Sec. IV D.
A. Accuracy of the calculations
In addition to the symmetry property, i.e., Eq. ͑51͒, which can serve as a verification of our numerical calculations, there are a number of checks on the results of the calculation. By setting ⌬ = 0, the Floquet exponents should coincide with the growth rate of the disturbance modes of plane Poiseuille flow. For ␣ =1, R = 10 000, our calculation with N = 50 gives the growth rate of the most unstable mode Re͑ 1 ͒ = 3.739 669 ϫ 10 −3 .
Further, we also obtain the critical Reynolds number R c = 5772.22, corresponding to a wave number ␣ c = 1.020 56. These results are in quite good agreement with those predicted by Orszag.
1
The validation of our results can also be proved by the comparison of the numerical and asymptotic results later.
B. Stability property at R = R c and ␣ = ␣ c
There exist four dimensionless parameters, ␣, R, R v , and , in this problem. Calculations are carried out in which the disturbance wave number ␣ and the Reynolds number R are specialized while both the amplitude and frequency of the oscillatory wall suction/blowing vary. Typically, it is of interest to study first the effects of the imposed modulation on the disturbance modes of the steady flow at the critical point ␣ = ␣ c = 1.020 56, R = R c = 5772.22.
First we hold constant, which is chosen to be comparable to the frequency of the neutrally stable mode at the critical point ͑ 1 = 0.2694͒, and change R v . The growth rate of the most unstable mode for various values of 1 / is shown in Fig. 5 , where Re͑ 1 ͒ is plotted as a function of R v . Generally, the disturbance becomes more unstable as R v increases from zero. However, note that, at 1 / = 2, there exists an intersecting point, which represents that the eigenvalue corresponding to the most unstable mode changes from one mode's eigenvalue to the other one and the intersection of the curves for the most unstable modes occurs. At 1 / = 2, the growth rate is negative around R v = 45, indicating that the disturbance wave at the critical point is stabilized. However, it does not mean that the flow is stabilized by the modulation, since we can probe later that there exist other unstable disturbances at a lower Reynolds number. It can also be found that the flow is strongly unstable for low frequency but slightly unstable for high frequency.
To further investigate the effect of the frequency, typical calculations, in which R v is kept constant while varies, are carried out. The results are shown in Fig. 6 , where the growth rate Re͑ 1 ͒ is plotted as a function of 1 flow, which is given by U 1 ⌬, is proportional to R v / for fixed R, according to Eqs. ͑22͒ and ͑23͒. For high frequencies, the modulation of the mean flow due to the oscillatory wall suction/blowing is weak and has only a slightly destabilizing effect. The growth rate of the most unstable mode increases as 1 / increases from zero and reaches a local maximum value at 1 / Ϸ 1.5. Increasing 1 / ͑or reducing ͒ further causes the decrease of Re͑ 1 ͒, and even stabilizes the disturbance mode around R v = 40. At 1 / Ϸ 2, different properties of the curves occur, depending on the values of R v . For R v Ͻ 30, the growth rate increases smoothly as 1 / increases, while the intersecting points are formed for R v Ͼ 30. When tends to zero, the basic flow is strongly affected by the modulation and the growth rate of the most unstable disturbance wave increases rapidly when 1 / increases. Hence the flow is strongly unstable for the low frequencies studied. When the frequency becomes small further, the number of the time step needed to take numerically integrating the equations in one period increases rapidly, resulting in the calculations being much more expansive. Since the channel flow with a steady wall suction/injection is more stable, 9, 20, 21 it is reasonably predicted that, according to the quasistatic theory, that the flow can eventually be stabilized as tends to zero.
Figures 5 and 6 also indicate the presence of a certain parameter region, in which the neutral mode at ͑␣ c , R c ͒ is stabilized. The contour of the growth rate of the most unstable mode Re͑ 1 ͒ plotted in the R v − 1 / plane is shown in Fig. 7 . The neutral mode can be stabilized for the parameters R v and 1 / in a limited region, indicated by the gray area. The minimum and maximum values of R v in the gray region are 31.4 and 48.5, respectively, i.e., the wall suction/ blowing has only a destabilizing effect on the neutral mode for R v Ͻ 31.4 or R v Ͼ 48.5.
To probe the behavior at the intersecting point, it is needed to calculate more eigenvalues around the point. Figure 8 shows the real part of the first four Floquet exponents as a function of 1 / for several values of R v . When approaches infinity ͑or 1 / to zero͒, the modification of the mean flow is negligible. Thus, the Floquet exponents may tend to the eigenvalues j0 for the parabolic velocity profile of the pure plane Poiseuille flow, which are listed in Table II . Here, we first consider the behavior of the second and third modes shown in Fig. 8 . It is observed that the profiles of the second and third modes are approaching together. However, the eigenfunctions are obviously different, as exhibited in Table II . The second mode is antisymmetric with respect to the centerline y = 0, while the third mode is symmetric. Meanwhile, the curves of the second and third modes are nearly unchanged versus 1 / ; it means that the second and third modes of the plane Poiseuille flow are almost unaffected by the modulation. This character may be explained by the following two reasons. Note that the eigenvalues of the second and third modes have large imaginary parts, which indicate high disturbance frequency ͑Ϸ0.9735͒. First, if the frequency of oscillatory wall suction/blowing is as high as the disturbance frequency, the modulation of the mean flow is too weak to affect the disturbance, and the imposed Stokes layer is too closely confined to the boundaries to have an effect on the disturbance. Second, if the frequency is low, there may be a large mismatch between the mode and the disturbance frequency.
However, as shown in Fig. 8 , the first and fourth modes are strongly affected by the modulation. At R v = 10, the curve for each eigenvalue does not intersect. At R v = 20, the fourth mode becomes the second most unstable in the range 1.9 Ͻ 1 / Ͻ 2.8. The corresponding range increases as R v increases. Meanwhile, by viewing the curves at R v = 30 and 35, the local minimum value of the real part of the first eigenvalue and the local maximum value of the real part of the fourth eigenvalue approach gradually together and the curves become varying sharply at 1 / Ϸ 2.15. At R v = 40, it is interesting to note that both the first and fourth modes have 
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equal growth rates at 1 / Ϸ 2.15, where the corresponding curves smoothly connect to each other. A similar property is also found at R v = 50 shown in Fig. 8͑f͒ .
Considering small values of R v , we can study the modification of each disturbance mode for the parabolic velocity profile by computing the perturbation coefficients j2 according to Eq. ͑71͒ and ͑72͒, since j1 = 0. As shown in Fig.  8 , there are no stable modes of the steady Poiseuille flow to be affected by the modulation to become the most unstable mode for R v Ͻ 35. Hence, it is enough to compute 12 , whose real part is shown in Fig. 9 . The numerical results are obtained from
since Re͑ 1 ͒ = 0 for R = R c , ␣ = ␣ c . As shown in Fig. 9 , the numerical results are in good agreement with the asymptotic ones for R v Ͻ 10. For larger R v , the numerical results agree with the asymptotic solution only for high frequencies, while there is large discrepancy for low frequencies for the following two reasons. One is that the condition ͑31͒ is not valid anymore in this parameter range. The other is that the mean flow is strongly affected by the oscillatory wall suction/ blowing so that the role of more higher-order terms becomes more important; thus Eq. ͑73͒, used to compute Re͑ 12 ͒, is no longer accurate. The asymptotic results for Re͑ 12 ͒ shown in Fig. 9 are always positive, indicating the destabilizing effect of the modulation on the underlying flow. However, in an attempt to gain a further understanding of the mechanism by which the flow is destabilized, it is useful to study separately each term in Eq. ͑71͒. The variation of the three terms of Re͑ 12 ͒ is shown in Fig. 10 . It is found that the first-order correction of the streamwise mean flow has a destabilizing effect for both high and low frequencies, as indicated by the positive value of Re͑M 11 ͒, and a stabilizing effect for 2.0Ͻ 1 / Ͻ 4.5. The optimal stabilizing frequency is Ϸ 1 / 3.35. It is interesting to mention that the properties agree qualitatively with those of the channel flow modulated by an oscillatory pressure gradient, in which the mean flow can be obtained analytically, and is only composed of a steady part and a first-order oscillatory correction. 27 Since Re͑M 12 ͒ is always positive, the steady part of the second-order correction has a strongly destabilized effect on the flow. It is mainly because of this term destabilizing the channel flow. The normal velocity has a stabilizing effect for 1 / Ͻ 3.1 and a destabilizing effect for the other range of 1 / . We have also carried out a series of calculations, in which the mean streamwise velocity U͑y , t͒ is replaced artificially by the parabolic profile 1 − y 2 while the normal velocity remains unchanged. The real part of the first Floquet exponent is negative for a certain range of these parameters, which suggests the stabilizing effect of the normal velocity. Since such a flow configuration has no more physical meaning, the results are not given here. However, the stabilizing effects of the first-order correction of the mean flow and the normal velocity are not strong enough to overwhelm the destabilizing effect of the second-order term. So, the oscillatory wall suction/blowing has a totally destabilizing effect.
Based on the asymptotic analysis, we have calculated the perturbation coefficients j2 for the first four eigenvalues, the real part of which is shown in Fig. 11͑a͒ . The difference of Re͑ 22 ͒ and Re͑ 32 ͒ is too small to be identified. It is important to note that the fourth mode is so strongly destabilized by the oscillatory wall suction/blowing that it may even become the most unstable mode. These behaviors agree well with the numerical results described above. The variation of Re͑ 42 − 12 ͒ is shown in Fig. 11͑b͒ . The maximum value 1479 is reached at 1 / = 2.5. If we still assume that the asymptotic analysis is valid for large ⌬, the growth rate of the fourth mode will be larger than that of the first mode at 1 / = 2.5 if
which is in accordance with Fig. 8 , even though the parameters R v and in this case no longer satisfy the condition ͑31͒. Thus, the results shown in Fig. 8 can be qualitatively explained by the asymptotic theory.
C. Critical parameters
The results shown in Sec. IV B have demonstrated that the modulation of the oscillatory wall suction/blowing has an appreciable effect on the disturbance growth rate at the critical point ␣ = ␣ c and R = R c of steady Poiseuille flow. Further, it is also of interest to investigate the critical parameters and the relevant physics of the flow in a wide range of parameters. At the criticality, the real part of the Floquet exponent ͑i.e., r ͒ vanishes, while the imaginary part i is nonzero generally, resulting in the Floquet mode being nonperiodic in time. In addition, if is a Floquet exponent, + in is either, where n is an integer. Thus, the critical Reynolds number and wave number are discussed. To identify the critical parameters, extensive calculations by keeping ⌬ as a given value but changing R v for each case have been carried out.
The critical Reynolds number R cr and the corresponding disturbance wave number ␣ cr are plotted in Fig. 12 as a function of with constant ⌬. Since large numbers of solution are needed to obtain these curves, several typical values of ⌬ are chosen. When the frequency approaches to infinity ͑or −1 → 0͒, it is found that R cr and ␣ cr tend to R c = 5772.22 and ␣ c = 1.020 56, respectively. As −1 increases from zero, R cr decreases to a local minimum around −1 = 5, then increases to some local maximum value that is less than R c , and finally decreases again in the region of considered here. Figure  12͑a͒ represents the destabilizing effect of the modulation because R cr Ͻ R c . Furthermore, for sufficient low frequency, resulting in the leading term of the stability of the flow being a quasistatic problem, it is reasonably predicted that R c may increase again since the channel flow can be stabilized by steady wall suction/injection. 9, 20, 21 Note that the curves in Fig. 12 are continuous for small amplitude, e.g., ⌬ = 0.001, 0.002, and 0.004, but discontinuous for a large amplitude, e.g., ⌬ = 0.005 and 0.01. Figure  12͑b͒ exhibits that the critical modes switch from high wave number disturbances to low ones at the discontinuous location. Here, the behavior of the neutral curve near the discontinuous location is discussed further. As a typical case for ⌬ = 0.005, the neutral curves for different frequencies around the discontinuous location ͑i.e., −1 = 8.173͒ are shown in Fig. 13͑a͒ Fig. 13͑a͒ , which causes the discontinuity of the curves shown in Fig. 12 Fig. 13͑a͒ , the corresponding curves are shown in Fig.  13͑b͒ . Similarly, the existence of an isolated unstable region has also been found for the stability of a rotating doubly diffusive fluid layer 35 and the stability of a fluid layer on an oscillating plane.
36

D. Channel flow with fixed flow rate
The stability characteristics of the channel flow with a fixed flow rate have also been investigated. Based on our extensive calculations, we have identified that the results are very similar to these of the channel flow driven by the con- stant pressure gradient described above, especially for small amplitude ⌬. It is easy to understand the accordance of the results for the channel flows subject to both the constraint conditions when the amplitude ⌬ is sufficiently small. As discussed in Sec. II B, since the asymptotic formulations of the mean flow are identical to each other up to the first order. The difference appears in M j2 , which denotes the contribution of U 20 on the oscillatory flow. Figure 14 shows the asymptotic results of Re͑M 12 ͒ to compare the effects of the modulation under two constraint conditions on the most unstable modes. Both the curves agree well with each other, even though a large discrepancy of U 20 shown in Fig. 4 appears. As indicated by Herbert, 24 the velocity profile near the wall plays an important role on the stability of the channel flow modulated by an oscillatory pressure gradient. Thus, a reasonable explanation here is that the modification of the velocity profile near the wall will strongly affect the disturbances. If we introduce a new variable =1−͉y͉ and expand the expression of U 20 about = 0, the asymptotic approximations of U 20 near the wall are obtained, i.e.,
for a constant pressure gradient and
for a fixed flow rate. As ͉␤͉ ӷ 1 and coth ␤ Ϸ 1 for the parameters and R considered here, both Eqs. ͑75͒ and ͑76͒ can be reduced to
which leads to the consistency of the curves in Fig. 14. For the large amplitude considered in the present study, it is also found that there is no qualitative difference of the stability characteristics of the channel flows subject to both the constraint conditions ͑e.g., Fig. 5͒ .
V. CONCLUDING REMARKS
The effects of oscillatory wall suction/blowing on the stability of plane Poiseuille flow have been studied numerically and asymptotically using a linear stability analysis together with Floquet theory. The flows either driven by a con- FIG. 13 . ͑a͒ Typical neutral curves for −1 around the discontinuous location for ⌬ = 0.005 in Fig. 9 ; ͑b͒ the corresponding variation of R and ␣ at the folds of the curves in ͑a͒, where the solid lines represent the critical Reynolds number and wave number, while the minimum of R and the corresponding ␣ of the right-side neutral curves as well as the maximum of R and the corresponding ␣ of the isolated curves ͑if exist͒ are denoted by the dotted and dashed lines, respectively. 12 ͒ as a function of 1 / at R = 5772.22, ␣ = 1.020 56.
FIG. 14. Variation of Re͑M
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Instability of channel flow with oscillatory wall Phys. Fluids 18, 034102 ͑2006͒ stant pressure gradient or constrained by a fixed flow rate are considered. It is revealed that the oscillatory wall suction/ blowing induces the Stokes layer, which interacts with the disturbance shear wave and eventually affects the disturbance growth, and has a destabilizing effect on the channel flows.
The basic flow subject to the modulation is time periodic and composes multiple frequency components. If the channel flow is driven by a constant pressure gradient, the bulk mean velocity decreases compared with that of the pure Poiseuille flow. Considering weak oscillatory wall suction/blowing with small amplitude ⌬, an asymptotic solution of the basic flow up to O͑⌬ 2 ͒ is obtained. The first-order modification is a temporal oscillatory solution with the same frequency as the modulation, and the second-order modification contains a steady term besides the oscillatory terms. Differences of the basic flows undergone by both the constraint conditions occur in the O͑⌬ 2 ͒ terms. The stability problem is formulated into a timedependent eigenvalue problem. The Floquet exponents, which guarantee the stability characteristics of the flow, are then obtained by solving the stability problem with a spectral collocation method. For the critical parameters R = 5772.22 and ␣ = 1.020 56 of steady Poiseuille flow, the disturbance is unstable for most values of R v and , indicating that the modulation of the oscillatory wall suction/blowing has a destabilizing effect on the underlying flow. It is also found that the disturbance can be stabilized in a limited range of parameters in the R v − plane.
Further, in an extensive region of the parameters studied, the critical Reynolds number reduces and hence the flow is destabilized by the wall suction/blowing. In addition, the neutral curves become significantly complex compared with steady Poiseuille flow. In particular, isolated unstable regions occur in certain parameters.
An asymptotic expansion for the growth rate shows that the modification terms in O͑⌬ 2 ͒ are positive, indicating the destabilizing effect of the modulation. Further, based on the expansion, the terms in the O͑⌬ 2 ͒ can be reasonably divided into three parts, including the contributions of the first-order correction of the streamwise mean flow, the steady part of the second-order correction of the streamwise mean flow, and the normal mean flow, respectively. Then, it is revealed that the stabilizing effects of the first-order correction of the mean flow and the normal velocity are not strong enough to overwhelm the destabilizing effect of the second-order term. Thus, the oscillatory wall suction/blowing has totally a destabilizing effect on the channel flows.
Based on the asymptotic analysis, we can understand that the velocity profile near the wall would strongly affect the disturbances. Since the velocity modifications near the wall for both the constraint conditions approach together, it is reasonably found that there are the similar stability characteristics of the channel flows with either the driven pressure gradient or the flow rate constant.
